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Abstract

This paper proposes a novel information theoretic scale-
space for salient feature detection, based on the mutual in-
formation (MI) of image measurement and location. The
MI scale-space is designed to identify image regions whose
measurements are maximally informative regarding spatial
location. A framework for computing the MI scale-space
is proposed, based on combining information theory with
Gaussian scale-space theory, where uncertainty in spatial
location is explicitly defined by the heat equation. Experi-
ments investigate the use of MI features for feature-based
classification of Alzheimer’s subjects in volumetric mag-
netic resonance imagery from a public data set, where MI
features result in higher classification accuracy than fea-
tures selected according to the established difference-of-
Gaussian (DOG) criterion [15].

1. Introduction

Medical images contain a large amount of informa-
tion, and efficiently processing sizable image sets can
be achieved by focusing computational resources on im-
age features or patterns which are most salient or infor-
mative for the task at hand. A variety of mechanisms
have been proposed for identifying salient image features.
Biologically-motivated approaches have investigated spa-
tial maps which encode the degree of saliency as a func-
tion of image location [12, 8]. Computer vision-based ap-
proaches have focused on detecting patterns in space and
in scale which can be used to efficiently establish corre-
spondences between different images of the same scenes
or objects [10, 15, 18, 1, 17, 27]. Many approaches oper-
ate by identifying patterns which maximize an image-based
saliency criterion, examples of criteria include the magni-
tude of Gaussian derivatives [15, 18] or image phase [1]. In
the medical imaging literature, the difference-of-Gaussian
(DOG) scale-space [15] has found use in a variety of tasks,
including image matching [22, 2] and feature-based group

analysis [26].

Information theory [23, 3] provides a principled basis
for evaluating feature saliency, which can be expressed
and quantified in terms of information content. Several
information theory-based saliency criteria have been pro-
posed, including the Kullback-Leibler divergence [9] and
entropy [ 10, 24]. The drawback of most information theory-
based criteria to date is that they do not effectively quan-
tify the ability to localize features within the image, as
they focus exclusively on the information content of image
measurements, e.g. the entropy of image intensity distri-
butions [10, 24]. Several authors have proposed defining
saliency in terms of the mutual information between image
measurements and spatial location [25, 6], however this re-
search has not been extended to identifying natural structure
at a characteristic scale for practical feature detection.

The primary contribution of this paper is a novel scale-
space, based on the mutual information (MI) of image mea-
surements and spatial location. Unlike previous information
theory-based approaches based solely on the information
content of image measurements [9, 24, 10], the MI scale-
space explicitly quantifies the ability of image measure-
ments to predict spatial location. High MI reflects image
measurements that are highly informative regarding spatial
location, and thus highly salient for tasks such as image
matching or classification. The MI criterion is formulated
within a Gaussian scale-space [28, 13, 14], where spatial lo-
cation is defined as a Gaussian random variable. The Gaus-
sian scale-space is generalized from scalar-valued intensi-
ties to distributions over image measurements conditioned
on image location and scale. A computational framework is
developed, which can be used to efficiently generate the MI
scale-space for the purpose of salient feature detection.

The remainder of this paper is organized as follows. Sec-
tion 2 presents previous work in scale-space theory, infor-
mation theory and salient feature identification. Section 3
outlines the MI saliency criterion and framework for com-
puting the MI criterion from a Gaussian scale-space. Sec-
tion 4 details experiments comparing MI feature detection
with the widely-used DOG detection criterion [ 5], in the



context of feature-based classification of volumetric mag-
netic resonance (MR) images of Alzheimer’s and healthy
subjects from the OASIS data set [16]. Results show that
MI features result in higher classification accuracy. A dis-
cussion follows in Section 5.

2. Previous Work

2.1. Scale-space Theory

Scale-space theory is concerned with describing image
measurements in a manner independent of the sampling res-
olution. A scale-space is a function I(z, o) which describ-
ing image measurements I at image location = and scale
o. The Gaussian scale-space proposed by Witkin [28] is
arguably the most prevalent in the computer vision litera-
ture, defined by recursive convolutions of an image with a
Gaussian kernel:

I(z,0) = /I(X, ko)G(X;z, (1 —k)o)dX, (1)

where G(X; x, o) represents the Gaussian kernel of mean
x and variance o, and 0 < k < 1 is a constant that deter-
mines the multiplicative sampling rate in the scale dimen-
sion. Subsequent work by Koenderink shows that a Gaus-
sian scale-space is consistent with modeling the image as a
diffusion process governed by the heat equation [13]:

Opl(z,0) = %V2I(x7o), )

where G(X; x, o) arises as the Green’s function of the par-
tial differential equation (2). Lindeberg uses a set of ax-
ioms to show that the Gaussian kernel is the only reason-
able choice in generating I(x, o) [14], including causality,
non-creation and non-enhancement of local extrema, semi-
group structure and scale-invariance. Aside from computer
vision, the Gaussian scale-space is proposed as a model of
image processing in biological vision systems [29].

2.2. Information Theory

Information theory is concerned with measuring the in-
formation content of random variables. Central to informa-
tion theory is the notion of entropy, first introduced by Shan-
non [23] and since generalized by others, e.g. the Renyi
entropy [3]. Consider a random variable I defined by a dis-
tribution p(I) over a space of image measurements /. The
information content of [ is quantified by its entropy H (I)
defined as:

H(I) = / p(I)log ﬁdl. 3)

The amount of information shared between two random
variables I and X can be quantified by their mutual infor-
mation M1(I, X), defined in terms of entropies as:

MI(I,X)=H(I) - H(I|X), 4

where H (I|X) is the conditional entropy of I given X. The
conditional entropy quantifies the amount of information re-
maining regarding I when X is known, and is defined as:

H(I|X)://p(LX)logp(Il'X)dIdX. (5)

Note that the MI is upper bounded by the marginal entropy
H(I):

0<MI(I,X) < H(I), (6)

where M I(I, X) = 0 implies that I and X are statistically
independent, i.e. p(I|X) = p(I), and MI(I,X) = H(I)
implies full dependence between [ and X.

2.3. Salient Feature Selection

Natural images contain a large amount of data, and effi-
ciently performing tasks such as image matching or object
recognition requires focusing computation on a reduced set
of salient or informative image patterns. While early in-
terest point detectors identified salient image points such
as corners [20, 7], most image patterns have a characteris-
tic scale which is generally unknown a priori, and a mod-
ern methodology is to identify salient image patterns both
in scale and in space [14]. Models of biological vision
propose computing saliency maps, in which the degree of
saliency at each image point is computed via image filter
responses computed at multiple scales [12, 8]. A body of
computer vision literature focuses on detecting local im-
age patterns in a manner invariant to geometrical deforma-
tions such as scale [15, 18] and affine [19, 17, 27] changes,
where patterns correspond to extrema of a particular crite-
rion computed from an image scale-space. A variety of cri-
teria have been proposed, including derivatives in scale [15]
and space [18], image phase [ 1], etc.

Information theoretic criteria provide a principled means
of quantifying pattern saliency when measurements / are
represented as a probability p(I|x, o) at a particular loca-
tion = and scale o in scale-space. Jagersandt proposes iden-
tifying patterns in scale-space where the Kullback-Leibler
divergence between measurement distributions at different
scales is maximized [9]

D/I\,Z

where o; and o;_; are adjacent scales. Sporring investi-
gates the computation of entropy change in Gaussian scale-
space [24], showing that entropy is generally an increasing
function of scale which changes most rapidly at the char-
acteristic scale of texture patterns in the image, and that
derivatives with respect to scale should be normalized by
parameter o

dH(I|z,0)
do

p(I|x,0;)

—— 2 dJl 7
T %

xo(H(I|z,0:) = H(I|x,0i-1)).  (8)



Kadir et al. propose identifying points in scale-space in
which the entropy is maximal [10, | I]. They note, however,
that many high-entropy features arise from unimportant tex-
tured or random image patterns, and propose weighting en-

M dI in order to better

quantify the saliency of detected features.

The major drawback of most information theory-based
saliency criteria is that they focus on the information con-
tent of image measurements I alone. The MI criterion
presented in Section 3 addresses localizability by explic-
itly quantifying the information shared between image mea-
surements and spatial location. An additional drawback is
computational complexity: the time required to compute
entropy-based features when p(I|z, o) is represented as a
discrete intensity histogram [10, 11] is several orders of
magnitude greater than for other detectors [21]. The pri-
mary difficulty lies in the histogram representation, which
is computationally expensive for uni-dimensional greyscale
measurements alone and potentially intractable for high-
dimensional measurements, e.g. diffusion-weighted im-
ages, as the number of histogram bins increases exponen-
tially with dimensionality. A mixture model-based data rep-
resentation is proposed in Section 4 which casts measure-
ments into a small number of latent classes, allowing effi-
cient information computation in a manner independent of
data dimensionality.

tropy by a heuristic factor f ’

3. Mutual Information of Measurement and
Location

The ability to localize image patterns is of key impor-
tance in a variety of image processing tasks, e.g. image
matching. For this reason, we argue that salient image fea-
tures should not only bear informative measurements I, but
that measurements should be informative with respect to
spatial location X. We thus propose a new information
theory-based criterion for measuring the saliency of an im-
age pattern at location x and scale o, the mutual information
(MI) of image measurement / and spatial location X:

MI(I;X|1‘,0’)ZH(I|$7O')—H(I|X71‘7U), )

where high MI(I; X |z, o) indicates an image pattern that
is both informative and localizable, and thus salient. Note
that in order for MI to be high, the measurement entropy
H(I|z,0) must be high as in entropy-based selection cri-
teria [10], however the conditional entropy H (I|X,z,0)
must also be low, meaning that [ is informative regarding
X.

The MI criterion is formulated in terms of information
theory [3] in order to quantify probabilistic uncertainty in a
principled manner, and in terms of scale-space theory [14]
in order to identify salient regions both in space and in scale.
Here, image measurements [ are defined probabilistically

as distributions p(I|x, o) conditioned on location and scale.
The definition of scale-space in Equation (1) must thus be
generalized from scalar-valued intensity measurements to
distributions over intensities or intensity classes. We pro-
pose doing this via the following expression:

p(I|z,0) = /G(X;m, (1—=r)o)p(I|X,ko)dX, (10)

where the integral in Equation (10) is evaluated indepen-
dently for each discrete intensity level I. This is compu-
tationally expensive for a large number of intensity levels,
however in practice, I can be represented as a distribution
over a small number of intensity classes as described later
in Section 4.

In order to compute the MI expression in Equation (9),
H(I|z,o0) at coordinate (z,0) can be obtained directly
from scale-space p(I|z,0). The conditional entropy
H(I|X,z,0) of I given random variable X is defined as:

1
(11

and requires distributions p(I, X|z,0) and p(I|X,z,0).
Suitable expressions for these distributions can be obtained
as follows. The chain rule of probability results in the fol-
lowing expression:

p(Ilz,0) = / (I, X |z, 0)dX,
- / p(X e, o)1 X, 2, 0)dX.  (12)

Assuming equivalence between the integrands in Equa-
tions (12) and (10), the following equalities are obtained:

p(X|z,0) = G(X;z, (1 — K)o), (13)
p(I|X,:L’,0’) :p(I|X, I<EO'), (14)
p(I, X|z,0) = G(X;2,(1 — k)o)p(I|X, ko).  (15)

Note that in Equation (13), the probabilistic uncertainty in
spatial location about x at scale ¢ is quantified by a Gaus-
sian distribution centered on x with variance (1 — x)o. Sub-
stituting Equations (15) and (14) into Equation (11), the fi-
nal expression for the conditional entropy is:

H(I|X,z,0)

1
// X xZ, lflf) )p([‘X,HU)logmdldX,
= /G(X;a:,(l—n)o)H(ﬂX, ko)dX. (16)

The computational framework for the MI criterion is
shown in Figure 1. Note that three scale-spaces are in-
volved, including a Gaussian scale-space, an entropy scale-
space and the MI scale-space.
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Figure 1. The computational framework for the MI criterion. Squares represent image locations, upper and lower rows represent adjacent
scales o and ko in a scale-space, where 0 > ko. Arrows indicate the flow of data, and arrows combining multiple locations indicate
integration over space X . The measurement scale-space p(I|z, o) (right) is a Gaussian scale-space in the style of Witkin and Koenderink.
The entropy scale-space H (I|z, o) (center) is derived directly from p(I|z, o). The MI scale-space M I(I; X |z, o) (left) is computed from

adjacent levels in the entropy scale-space.

4. Experiments

Experiments here compare the MI criterion with the
DOG criterion [15] in the context of feature-based classi-
fication of Alzheimer’s disease in MR images of the human
brain. The OASIS dataset is used [16], consisting of T1-
weighted MRIs of 100 Alzheimer’s (AD) and 98 normal
control (NC) subjects.

Feature Extraction: DOG and MI scale-spaces are both
implemented by sampling the scale dimension 3 times per
octave, in a manner similar to Lowe [15], over 4 octaves.
Scale-invariant features are identified as the location and
scale (z,0) at which the particular criteria are maximal,
in the case of the DOG criteria both minima and max-
ima are considered. Note that derivative of the MI crite-
rion with respect to scale is normalized by multiplication
by scale factor o [24]. In the case of the MI criterion,
measurements are formulated as a distribution p(I|x, o) at
each image location and scale. p(I|z,o0) can be repre-
sented as a multinomial distribution over a set of discrete
events. Events can be defined by partitioning the measure-
ment space into discrete histogram bins [10, | 1], however
this approach is computationally expensive even for uni-
dimensional greyscale image measurements [21], and in-
tractable for multi-dimensional measurements as the num-
ber histogram bins increases exponentially with data dimen-
sionality. For the sake of computational efficiency, mixture
modeling can be used to reduce p(I|x, o) to a distribution

over a small set of K latent classes C = {C,...,Ck} [4]:
K
p(I|z,0) = Zp(I|C’i,x,U)p(C’i\x, o),
p(C|I,z,0) x p(I|C,z,0)p(Clz,0).  (17)

The computational and space complexity of scale-space
generation is thus O(KM log M), where M is the num-
ber of image intensity measurements. Here a binary mix-
ture model with K = 2 is used, which can be learned off-
line using the expectation maximization (EM) algorithm [5]
and used to efficiently cast image measurements into a bi-
nomial distribution p(C|I, x,c). In the case of grey scale
measurements, this intuitively corresponds to a distribution
over 'low’ and high’ intensity classes.

Figure 2 illustrates features extracted according to the
DOG and MI criteria. Qualitatively, DOG features arise
from blob-like image structures, eg. ventricles or white
matter, whereas MI features tend to arise from informative
boundaries between brain tissues.

Classification:  Feature-based classification is per-
formed in a manner similar to the feature-based morphom-
etry technique [26]. Extracted features are binned into a
histogram defined in normalized Montreal neurological in-
stitute (MNI) brain reference space, where bins are defined
geometrically in terms of location and scale. Let 7 repre-
sent the index of a histogram bin, and let f; represent the
binary presence/absence of a feature in bin ¢. Under the
assumption of conditionally independent features, a Bayes



(a) DOG
Figure 2. Examples of features extracted according to the DOG (a) and MI (b) criteria. In each image, the location and scale of a feature
extracted in a 3D MRI volume is illustrated as a white circle in coronal, sagittal and axial slices. DOG features shown in (a) arise from
blob-like structures, e.g. ventricles, subcortical structures and white matter. MI features in (b) arise from patterns along the boundary

between white/grey matter and cerebrospinal fluid.

ratio can be used to evaluate the posterior probability of a
set of features {f;} extracted in a subject given either AD
or NC subject groups:

(AD‘{fz} _p przlAD
p(NCH{fi}) p(N (filNC)

(18)

In Equation (18), ’j (f,g) represents the ratio of prior prob-

abilities of AD vs. NC subjects, and 2 E 7, ‘| NC; represents
the likelihood ratio of AD vs. NC subjects associated with
the occurrence/absence of feature f;. Leave-one-out classi-
fication is performed on a set of N subjects, where a clas-
sifier is trained from features extracted in N — 1 subjects
by estimating likelihoods p( f;|AD) and p(f;| N C) in Equa-
tion (18), then tested by calculating the Bayes ratio for the 1
subject left out, for all each subject. The receiver operating
characteristic (ROC) curves for classification are shown in
Figure 3. The equal error classification rates obtained are
81.8% for DOG features and 85.7% for MI features.

5. Discussion

This paper presents a novel scale-space for salient fea-
ture detection in volumetric medical imagery, based on the
mutual information of image measurement and location,
combining Gaussian scale-space and information theories.
Intensity measurements are cast into a distribution over a
small number of intensity classes to achieve computational

(b) MI
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Figure 3. ROC curves comparing leave-one-out classification per-
formance of Alzheimer’s subjects, aged 60-80 years of age, where
AD subjects exhibit mild dementia (CDR=1.0).

tractability. Experiments compare features selected accord-
ing to maximum MI are to features selected according to
the popular DOG feature criterion, in volumetric MR im-
agery of the human brain. Qualitatively, maxima in the
MI scale-space correspond to informative structure along
tissue boundaries, while DOG features correspond to blob-
like image structures. A quantitative comparison of MI vs.



DOG features is performed in the classification of healthy
subjects vs. subjects with mild AD from the OASIS data
set [16]. Using a Bayesian classifier based on conditionally
independent features, MI features result in improved classi-
fication over DOG features, with equal error classification
rates of 85.7% vs. 81.8%, respectively.

Various future directions exist. The MI criterion iden-
tifies regions in which image measurements are maximally
informative regarding spatial location, the could prove to be
effective in a feature-based registration framework. The MI
scale-space is a general formulation that can be used to ex-
tract informative image features in a variety of image types,
including vector-valued data such as diffusion-weighted im-
ages. While many feature selection criteria such as the DOG
criterion are limited to scalar-valued images, the MI cri-
terion could be used for feature-based analysis of vector-
valued images. The computational framework for the MI
scale-space could be used to implement other information
theoretic saliency criteria, such as the entropy-based crite-
rion of Kadir and Brady [10], in a manner consistent with
Gaussian scale-space theory.
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